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Abstract

Extended Theories of Gravity (ETG) represent a prominent framework in modern theoretical
physics and cosmology, aimed at modifying or extending Albert Einstein’s General Relativity
(GR) to address open phenomenological questions at both ultraviolet (early universe) and
infrared (galactic and cosmological) scales.

1 Historical Background: From Inflation to Dark Phenomenology

Although recent interest in ETG is frequently linked to large-scale astrophysical anomalies, the
formal foundation of these theories dates back to the early 1980s. The most notable pioneer of this
approach was Alexei Starobinsky (1980) [1], who introduced modifications to the Einstein-Hilbert
action (see Einstein 1916 [2], Hilbert 1924 [3]) by adding a quadratic curvature term (R2).

Originally, Starobinsky’s f(R) model was not developed to explain galactic dynamics or to
replace dark matter, but rather to account for quantum corrections in the early, high-energy
universe. This approach successfully generated the first self-consistent model of cosmic inflation
driven by vacuum energy polarization, demonstrating that geometric corrections alone could
describe the exponential expansion of the primordial universe without invoking ad-hoc scalar
fields.

In recent decades, this geometric framework has been extended to lower-energy scales (the
infrared regime) to investigate whether large-scale gravitational anomalies—such as cosmic
acceleration and flat galaxy rotation curves—can be interpreted as structural breakdowns of
standard GR rather than signs of undetected dark components.

2 The f(R) Formalism and Field Equations

The most widely studied class of ETG is the f(R) gravity framework, where the standard Ricci
scalar R in the gravitational action is replaced by an arbitrary, sufficiently smooth function of R.
The generalized action is expressed as:

S =
1

2κ

∫
d4x

√
−g f(R) + Sm . (1)

where κ = 8πG
c4

, g is the determinant of the metric tensor gµν , and Sm represents the standard
matter action containing all baryonic and radiation fields. The variation of the matter action
with respect to the metric defines the standard energy-momentum tensor:

Tµν = − 2√
−g

δSm

δgµν
. (2)
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Depending on the variational approach, the field equations can be derived using two distinct
methods:

• Metric Formalism: The action is varied purely with respect to the metric tensor gµν .
This increases the order of the differential field equations from second-order (as in standard
GR) to fourth-order, introducing a new scalar degree of freedom (often referred to as the
scalaron).

• Palatini Formalism: The metric gµν and the connection Γλ
µν are treated as independent

variables. This approach keeps the field equations at the second order, altering the structural
coupling between matter and geometry.

In this mathematical framework, the affine connection Γλ
µν (conventionally represented by the

Christoffel symbols in the purely metric approach) establishes the parallel transport and defines
the covariant derivative ∇µ. Geometrically, it characterizes the structural field deformation from
point to point, governing the Riemann curvature tensor Rρ

µσν via:

Rρ
µσν = ∂σΓ

ρ
νµ − ∂νΓ

ρ
σµ + Γρ

σλΓ
λ
νµ − Γρ

νλΓ
λ
σµ . (3)

The contraction of this tensor yields the Ricci tensor Rµν = Rλ
µλν , which enters directly into the

field equations.
The resulting field equations in the metric formalism take the following form:

f ′(R)Rµν −
1

2
f(R)gµν − [∇µ∇ν − gµν□] f ′(R) = κTµν . (4)

where f ′(R) = df(R)
dR , □ ≡ ∇α∇α is the d’Alembert operator, and Rµν is the Ricci tensor. The

higher-derivative terms on the left-hand side act effectively as a ’geometric’ energy-momentum
tensor, altering the gravitational potential at specific physical scales.

3 Astrophysical Constraints and Boundary Conditions

In the weak-field, low-acceleration limits—typical of galactic halos and the Circumgalactic Medium
(CGM)—extended models must pass strict observational constraints. Any viable f(R) function
must asymptotically recover standard GR at solar system scales to comply with local precision
tests (the Solar System constraints), while deviating at larger scales where the local curvature
drops below a critical threshold.

This transition is often modeled via the chameleon mechanism or by selecting specific functional
forms of f(R) (such as those investigated by Capozziello et al. 2004 [4], 2011 [5]) that introduce
power-law corrections or logarithmic terms. Testing these models requires high-precision mapping
of the total baryonic mass profile and gas hydrodynamics in galaxies and clusters, as the boundary
thresholds where standard gravity switches to the extended regime are highly dependent on the
local distribution of matter and energy.

4 Specific Functional Forms and Phenomenological Challenges

To perform quantitative astrophysical checks, specific algebraic forms of f(R) must be selected.
Different choices of f(R) correspond to different gravitational behaviors depending on the physical
scale. However, it worth noting that the exact boundary thresholds for the activation of these
non-linear geometric corrections remain non-standardized, and the corresponding cosmological
and galactic phenomenology requires further extensive verification.
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4.1 The Starobinsky Model (High-Energy/Ultraviolet Regime)

The classic model proposed by Starobinsky (1980) introduces a quadratic correction to standard
gravity:

f(R) = R+ αR2 , (5)

where α > 0 is a coupling constant with the dimensions of a length squared. In the early universe,
where the curvature R is extremely high, the R2 term dominates, driving cosmic inflation. In the
low-curvature limit (R → 0), the model asymptotically recovers standard GR.

4.2 Capozziello Models and the Infrared Regime

To explore large-scale galactic and cluster dynamics from a purely geometric perspective, power-
law extensions of the Ricci scalar have been investigated. A widely cited functional form proposed
by Capozziello et al. is:

f(R) = βRn , (6)

where β is a structural constant and n is a real number, typically constrained by fitting specific
galactic rotation curves.

Alternatively, to ensure that the theory complies with local solar system precision tests while
introducing corrections at larger scales, more complex formulations are often evaluated:

f(R) = R− µ2 c1(R/µ2)n

c2(R/µ2)n + 1
, (7)

where µ, c1, and c2 are free parameters linked to the cosmological constant scale.

4.3 Current Limits and Open Questions

From an astrophysical standpoint, these models attempt to introduce a screening mechanism: at
high mass densities, the function behaves linearly (f(R) ≈ R), hiding any modification, while at
larger scales—such as the outskirts of galaxies or within the CGM—non-linear terms begin to
alter the gravitational potential.

Nevertheless, these extended formulations are currently treated as theoretical proposals rather
than an established paradigm. The observational constraints are still under intense scrutiny, and
the exact physical parameters governing the transition between standard and extended gravity
are not yet uniquely determined. Evaluating whether these geometric corrections can consistently
reproduce the observed hydrodynamic and thermodynamic profiles of extra-galactic gas remains
an open and evolving field of research, requiring highly detailed mappings of energy distributions.
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